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A Varying External Field Approach in QCD Sum Rules
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Abstract
A varying external field approach in QCD sum rules is formulated in a sys-
tematic way to treat the weak decay form factors and their q2 dependence
in the process of B → ρ ℓ ν¯ℓ. From the form factor sum rules, we can also
obtain the mass sum rules for B and ρ mesons, which can help us determine
the reliable Borel windows in studying the relevant form factor sum rules.
In this way, we thus demonstrate that some QCD sum rule calculations in
the literature are less reliable. We also include induced condensate contri-
butions, which have been ignored, into the relevant sum rules. We obtain
the ratios Γ(B¯0 → ρ+e−ν¯e)/ Γ(B¯0 → π+e−ν¯e)≈ 0.94 and Γ(B¯0 → ρ+τ−ν¯τ )/
Γ(B¯0 → π+τ−ν¯τ ) ≈ 1.15. We apply this approach to re-examine the case of
the D meson decay.
PACS number(s): 13.20-v,11.50.Hx,12.38.Lg
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I. INTRODUCTION
Semileptonic decays, because of their simplicity, provide an excellent laboratory where
physicists can study the effect of nonperturbative QCD interactions on the weak decay
process. A detailed understanding of these processes is also essential for determining the
magnitudes of CKM quark-mixing matrix elements.
The weak decay form factors of B → ρ ℓ ν¯ℓ have been calculated by using various
approaches. However, the results obtained from the traditional sum rules [1] by considering a
three-point correlation function with suitable interpolating current seem to conflict seriously
with others’ theoretic results, such as light-cone sum rules [2,3], lattice simulations [4], quark
models [5–9], and the external field approach of QCD sum rules [10]. Recently, Ball and
Braun [11] re-examined such a process by studying the light-cone sum rules with the modified
ρ meson wave functions. In their study, all of the soft (non-perturbative) parts are absorbed
into the ρ meson wave functions. The accuracy of their results is dependent on the shape of
the wave functions. Similarly, within the pQCD approach [12], the light meson is described
by a phenomenological model function which can be taken, e.g., from QCD sum rules.
In this work, we shall use the varying external field approach of QCD sum rules which
has been developed earlier [10] to re-examine the weak decay form factors for B → ρ ℓ ν¯ℓ
with a complete calculation. This approach, in spirit, is similar to Ref. [13]. We will present
the idea of the induced condensates and show how the induced condensates enter the sum
rules. In the calculation we find an additional contribution from the induced condensates,
which was ignored in Ref. [10]. Consequently, the A1 form factor will obtain an additional
10% contribution from the induced condensate, while the other form factors will not. In
addition, we also propose a reliable method that can be used to determine the Borel windows
in studying the relevant form factor sum rules.
The rest of this paper is organized as follows. The concept of the induced nonlocal
condensates will be formulated in the part (a) of Sec. II. In the part (b) of Sec. III, the
external field approach of QCD sum rules will be set up to investigate the various decay
2
form factors of B → ρ ℓ ν¯ℓ. In Sec. IV numerical results and discussion are presented. Sec.V
contains a brief summary.
II. THE METHOD
A. Quark propagator in the presence of an external variable field
The quark propagator in the external vector (axial vector) field is described by the
additional term, ∆L1(2), in the Lagrangian.
∆L1(x) = −VαeiqxJVα (x), (1)
or
∆L2(x) = −AαeiqxJAα (x), (2)
where
JVα = u¯γαb, J
A
α = u¯γαγ5b. (3)
Here Vα (Aα) and qα are the amplitude and momentum of the external vector (axial-vector)
field, respectively, b stands for the b quark field operator, and u is for the u quark field
operator. Hence the quark propagator depicted in Fig. 1(a) can be written down as
〈Tubα(x)b¯aβ(0)〉V(A) = 〈Tubα(x)b¯aβ(0)〉pertV(A) + 〈: ubα(x)b¯aβ(0) :〉inducedV(A) , (4)
with the notation 〈. . .〉 ≡ 〈0| . . . |0〉. Here a and b are the color indices while α and β the
Lorentz indices. The first term depicted in Fig. 1(b), on the right hand side of Eq. (4),
can be calculated from perturbation theory, while the second term depicted in Fig. 1(c) is
the induced condensate defined through this paper. Neglecting the radiative corrections, we
obtain
〈Tubα(x)b¯aβ(0)〉pertV = iδab
∫
d4p
(2π)4
e−ipx
[( 6 p+mu) 6 V(( 6 p+ 6 q) +mb)]αβ
(p2 −m2u)[(p+ q)2 −m2b ]
. (5)
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Using the identity [10]:
12b¯aβu
b
α
=
[
1(b¯u) + γ5(b¯γ5u) + γ
ρ(b¯γρu)− γργ5(b¯γργ5u) + 1
2
σρτ (b¯σρτu)
]
αβ
δab
=
[
1(b¯u) + γ5(b¯γ5u) + γ
ρ(b¯γρu)− γργ5(b¯γργ5u) + 1
2
σρτγ5(b¯σρτγ5u)
]
αβ
δab, (6)
we now project out Eq. (5) on the Dirac matrix basis 1, γ5, γρ, γργ5, σρτ . Thus the induced
condensate (the second term on the right hand side of Eq. (4)), with the aid of Eq. (6), is
〈: ubα(x)b¯aβ(0) :〉inducedV = −
δab
12
(
〈: b¯(0)u(x) :〉δαβ + 〈: b¯(0)γ5u(x) :〉(γ5)αβ
+ 〈: b¯(0)γρu(x) :〉(γρ)αβ − 〈: b¯(0)γργ5u(x) :〉(γργ5)αβ
+
1
2
〈: b¯(0)σρτu(x) :〉(σρτ )αβ
)induced
V
, (7)
or
〈: ubα(x)b¯aβ(0) :〉inducedA = −
δab
12
(
〈: b¯(0)u(x) :〉δαβ + 〈: b¯(0)γ5u(x) :〉(γ5)αβ
+ 〈: b¯(0)γρu(x) :〉(γρ)αβ − 〈: b¯(0)γργ5u(x) :〉(γργ5)αβ
+
1
2
〈: b¯(0)σρτγ5u(x) :〉(σρτγ5)αβ
)induced
A
, (8)
where
〈: b¯(0)Γu(x) :〉inducedV(A) = 〈Tb¯(0)Γu(x)〉V(A) − 〈Tb¯(0)Γu(x)〉pertV(A) (9)
with
〈Tb¯(0)Γu(x)〉V = −iVµ
∫
d4zeiqz〈T(u¯(z)γµb(z), b¯(0)Γu(x))〉,
〈Tb¯(0)Γu(x)〉A = −iAµ
∫
d4zeiqz〈T(u¯(z)γµγ5b(z), b¯(0)Γu(x))〉, (10)
and
〈Tb¯(0)Γu(x)〉pertV = −iNc
∫
d4p
(2π)4
e−ipx
Tr [( 6 p+mu) 6 V( 6 p+ 6 q +mb)Γ]
(p2 −m2u)[(p+ q)2 −m2b ]
, (11)
〈Tb¯(0)Γu(x)〉pertA = −iNc
∫
d4p
(2π)4
e−ipx
Tr[( 6 p+mu) 6 Aγ5(( 6 p+ 6 q) +mb)Γ]
(p2 −m2u)[(p+ q)2 −m2b ]
. (12)
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Here Γ is the generic notation for the Dirac matrix basis 1, γ5, γρ, γργ5, σρτ and the path-
ordered gauge factor is implied by
G(0, x) = P exp[−igs
∫ 1
0
dαxµAµ(αx)]. (13)
In the case of the fixed-point gauge (the Fock-Schwinger gauge) xµAµ(x) = 0, this factor is
equal to unity.
B. The Derivation of QCD Sum Rules
For the form factors of B → ρ ℓ ν¯ℓ, we consider the following two point Green’s function
in the external variable vector field V or axial-vector field A:
ΠV(A)µν (p, p
′; q2) = i
∫
d4x eip
′x〈T{jµ(x), j5ν(0)}〉V(A), (14)
where 〈. . .〉 ≡ 〈0| . . . |0〉, jµ = d¯γµu and j5ν = b¯γνγ5d. The interaction with the external
vector field is described by the additional term, ∆L, in the Lagrangian as shown in Eqs. (1)
and (2). In the following calculation we consider only the amplitude of ΠV(A)µν linear in the
external field V(A). Generally speaking, the coefficients of tensor structures Πi in Tµν can
be expressed as a double dispersion relation form:
Πi(p, p
′; q2) =
∫
ds
∫
ds′
ρi(p, p
′; q2)
(s− p2)(s′ − p′2) + subtraction terms, (15)
where the subtraction terms have the form
subtraction terms = P1µν(p
2)
∫
∆(s′)ds′
s′ − p′2 + P2µν(p
′2)
∫
∆(s)ds
s− p2 + P3µν(p
2, p′2). (16)
One finds that such a contribution from the subtraction terms is of no importance since,
after performing the double Borel transform, all of the subtraction terms, P1µν , P2µν , and
P3µν , disappear. (For further discussions, see Ref. [14]) The double Borel transform B[Πi]
on Πi [10] in both variables p
2 and p′2 gives
B[Πi] =
∫
∞
0
ds
∫
∞
0
ds′ e−(s
′/M ′2+s/M2) ρi (17)
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The hadronic side of Eq. (14) is represented as a sum over the hadronic states. If the Borel
masses are chosen properly, the hadronic side of Eq. (14) will be dominated by the lowest
hadronic states with the contributions from the higher states and the continuum suppressed.
At the hadron level (the right hand side), the spectral function of ΠA(V)µν can be written as
ρAµν = Aα
fBm
2
ρ
gρ
[fgαµpν + a+pµ(p+ p
′)αpν + a−pµqαpν
+other terms . . .]× δ(s−m2B)δ(s′ −m2ρ) + higher states,
ρVµν = Vα
fBm
2
ρ
gρ
[2igǫαµβρpνp
′βpρ
+other terms . . .]× δ(s−m2B)δ(s′ −m2ρ) + higher states, (18)
where the higher states start from a higher enough value, sB0 or s
ρ
0. The contribution from
the higher states could be approximated by the perturbative part, (which starts from the
value, sB0 or s
ρ
0) in the OPE of the quark level. The “other terms” in Eq. (18) are the
irrelevant tensor structures that are not taken into account here and thus are suppressed.
Here we have adopted the definitions
〈0|jµ|ρ(p′, λ)〉 = i
m2ρ
gρ
ǫ(λ)µ,
〈ρ(p′, λ)|JVα − JAα |B(p)〉 = 2igǫαµβρp′µpβǫ∗ρ(λ)
−fǫ∗(λ)α − a+(ǫ∗(λ) · p)(p+ p′)α − a−(ǫ∗(λ) · p)qα, (19)
with
f = (mρ +mB)A1,
a+ = − A2
mρ +mB
,
a− = 2mρA,
A(q2) =
A0(q
2)− A3(q2)
q2
, A3(q
2) =
A1(q
2)(mρ +mB)
2mρ
− A2(q
2)(mB −mρ)
2mρ
,
g =
V
mρ +mB
in the BSW parametrization [6].
At the quark-gluon level, the Eq. (14) can be alternatively written as
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ΠV(A)µν (p, p
′; q2) = −i
∫
d4x eip
′x〈Tr{Sabd (0, x)γµSbaV(A)ub (x, 0)γνγ5}〉, (20)
where [10,15]
Sabd(ij)(0, x) =
∫ d4p
(2π)4
eipx
[
iδab
6 p−md +
i
4
λnab
2
gsG
n
µν(0)
σµν( 6 p+md) + ( 6 p+md)σµν
(p2 −m2d)2
−iG
n
µν(0)λ
n
ab
4
gsx
ν(
1
6 p−mdγ
µ 1
6 p−md )
]
ij
+ : dai (0)d¯
b
j(0) : +xµ : d
a
i (0)(D
µd¯bj(0)) : +
xµxν
2!
: dai (0)(D
µDν d¯bj(0)) :
+
xµxνxλ
3!
: dai (0)(D
µDνDλd¯bj(0)) : (21)
and S
baV(A)
ub (x, 0) ≡ 〈Tub(x)b¯a(0)〉V(A) is shown in Eq. (4) but also in the background gluon
field. Here we have used the fixed-point gauge, xµAaµ(x) = 0 [15,10] for the gluon field and
Dα = ∂α + igs
λα
2
Aαa .
The Feynman integral for the bare loop can be written as
ΠVµν(p, p
′; q2) = 3iVα
∫ d4k
(2π)4
Tr[( 6 p′+ 6 k +mu)γα( 6 p+ 6 k +mb)γνγ5( 6 k +md)γµ]
k2(k + p′)2[(k + p)2 −m2b ]
,
ΠAµν(p, p
′; q2) = 3iAα
∫ d4k
(2π)4
Tr[( 6 p′+ 6 k +mu)γαγ5( 6 p+ 6 k +mb)γνγ5( 6 k +md)γµ]
k2(k + p′)2[(k + p)2 −m2b ]
, (22)
where m2u and m
2
d have been neglected. The relevant diagram is shown in Fig. 2(a). Using
the Cutkosky’s rule [16], the integral can be solved easily by taking the imaginary part of
the quark propagators: 1/(p2 − m2b + iǫ) → −2πiδ(p2 − m2b). Thus this integral may be
recast as a double dispersion relation
ΠV(A)µν (p, p
′; q2) = −V(A)
α
4π2
∫∫
Ω
dsds′
ρV(A)µνα (s, s
′; q2)
(s− p2)(s′ − p′2) , (23)
where
ρVµνα = 3i
∫
d4k
(2π)4
(−2πi)3δ(k2)δ[(k + p′)2]δ[(k + p)2 −m2b)]
×Tr[( 6 p′+ 6 k +mu)γα( 6 p+ 6 k +mb)γνγ5( 6 k +md)γµ],
ρAµνα = 3i
∫
d4k
(2π)4
(−2πi)3δ(k2)δ[(k + p′)2]δ[(k + p)2 −m2b)]
×Tr[( 6 p′+ 6 k +mu)γαγ5( 6 p+ 6 k +mb)γνγ5( 6 k +md)γµ], (24)
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and the corresponding integration region Ω, which can be solved via the Landau equation,
is specified by s′ > 0 and s > m2b +m
2
bs
′/(m2b − q2). Note that if (m2b − q2)/q2 < s′, there
may be additional contributions to the above integral because of pinching of the singularities
on non-physical sheets [1]. However, at the hadron level, the contribution from the higher
states is approximated by the perturbative part, which starts from the thresholds sB0 and
sρ0, we therefore study the q
2 behaviors of the form factors in the region: 0 ≤ q2 and
(m2b − q2)/q2 > sρ0, where sρ0 is the threshold of the excited states, s′ < sρ0. In this region it is
not necessary to worry about possible contributions from non-physical sheets. Considering
only the leading power corrections of OPE of the correlation function Eq. (14), we obtain
[17]
Πi(p, p
′; q2)=
∫ sB0
0
ds
∫ sρ0
0
ds′
ρperti (p, p
′; q2)
(s− p2)(s′ − p′2) + Π
induced
i + d
i
3〈d¯d〉+ di5〈gsd¯σGd〉
+d
(1)i
6 g
2
s〈d¯d〉2 + d(2)i6 g2s〈d¯d〉〈b¯b〉+ d(3)i6 g2s〈d¯d〉〈u¯u〉+ · · · , (25)
where
ρpertf =
3s′
4π2λ5/2
(
2s′(2s− 2m2b − u)∆− λ[(m2b − q2)2 − s′q2]
−λmb(mu −md)(2s′ + 2m2b − u)
)
, (26)
ρperta± =
3s′
4π2λ7/2
(
20∆s′[∓u(s± s′ −m2b)− 2s′m2b ]
∓λ[3∆u− 2s′((s−m2b)2 ± s′(s′ + 2m2b − q2))]
−λ2(2s′ ± q2 ∓m2b) + C±
)
, (27)
ρpertg = −
3s′
4π2λ5/2
(
λ(3m2b − 2q2 − s) + 3∆(3s′ − s+ q2)
)
, (28)
with u = s+ s′− q2, λ = u2− 4ss′,∆ = (s−m2b)(m2b − q2)− s′m2b , C+ = 4s′(20s′s∆+6∆λ−
λs′s), and C− = 0. (See Ref. [10] for the detailed calculation.) Note that in Eq. (25), the
contribution from the excited states has been approximately subtracted due to the upper
integral limit, sB0 or s
ρ
0, in the first term. To calculate the contribution from the induced
condensate, Πinduced, we parametrize the bilocal condensate as in Ref. [18]:
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〈q¯(0)G(0, x)q(x)〉 = 〈q¯q〉g(x2E), (29)
with
g(x2E) =
∫
∞
0
dαf(α)e−x
2
E
α/4, (30)
where the coordinates are Euclidean (x2E = −x2 ≥ 0) and g(x2E) is the Euclidean space-time
correlation function of the vacuum quarks. Our choice of the vacuum function is
f(α) =
4
m20
e−4α/m
2
0 , (31)
where m20〈q¯q〉= −〈gsq¯σµνGµνq〉. In this paper, we have adopted the convention Dα = ∂α +
igs
λa
2
Aαa . If one adopts D
α = ∂α− igs λa2 Aαa , then m20〈q¯q〉= 〈gsq¯σµνGµνq〉. The corresponding
correlation function g(x2) of the vacuum quarks is of the monopole form
g(x2E) =
1
1 +m20x
2
E/16
. (32)
Since x2 has been assumed to be spacelike, we have x2E = −x2 ≥ 0. This choice leads to the
empirical sea-quark distribution [18]. By using the bilocal condensate parametrized above
to Eq. (9), we obtain the relevant induced condensate in our study as
〈b(0)G(0, x)γµγ5u(x)〉A = −iAν
(∫
d4yeiqy〈0|T (b¯(0)γµγ5u(x), u¯(y)γνγ5b(y))|0〉
−the perturbative term
)
= Aµ
∫ 1
0
eiqxuφ(u, x2)du, (33)
with
φ(u, x2) = mb〈u¯u〉
∫
∞
0
dβ
f(β)
β
e
−m2
b
β
( 1
1−u
−1)eq
2u/βe
β
4
x2(1−u). (34)
In the following calculation, we adopt the approximation e
β
4
x2(1−u) ≈ 1 since x2 ≈ 0. Thus
we obtain the contribution of the induced condensate, as shown in Fig. 2(b),
ΠinducedA1,F ig.2(b) =
∫ 1
0
du
uφ(u)
(p′ + uq)2
, (35)
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and ΠinducedA2,F ig.2(b) = Π
induced
A,F ig.2(b) = Π
induced
V,F ig.2(b) = 0, where φ(u) =φ(u, x
2 = 0). After performing
the double Borel transform, Eq. (35) becomes
B[ΠinducedA1,F ig.2(b)] = B
[∫ 1
0
du
uφ(u)
u(p′ + q)2 + (1− u)p′2 + q2u(u− 1)
]
= −φ
( M ′2
M2 +M ′2
)× M
′4M2
(M2 +M ′2)2
× eq2/(M2+M ′2)
Note that the contribution of the induced condensate in Eq. (35) was ignored in Ref. [10].
The contribution of induced condensates as shown in Fig. 2(c) is given by
ΠinducedA1,F ig.2(c)(p, p
′; q2) = −2g
2
s〈d¯d〉
9
χAbu(q
2)
p2 − p′2 − q2
(p2 −m2b)p′4
,
ΠinducedA2,F ig.2(c)(p, p
′; q2) =
2g2s〈d¯d〉
9
χAbu(q
2)
1
(p2 −m2b)p′4
,
ΠinducedA,F ig.2(c)(p, p
′; q2) = −2g
2
s〈d¯d〉
9
χAbu(q
2)
1
(p2 −m2b)p′4
,
ΠinducedV,F ig.2(c)(p, p
′; q2) =
4g2s〈d¯d〉
9
χVbu(q
2)
1
(p2 −m2b)p′4
,
(36)
where we have approximated the non-local induced condensate as a local one and the defi-
nition of χV(A) is
〈b¯(0)σαβu(0)〉V
= −iVν
(∫
d4yeiqy〈0|T (b¯(0)σαβu(0), u¯(y)γνb(y))|0〉 − the perturbative term
)
= −iVνχVbu(q2)(gναqβ − gβνqα),
〈b¯(0)σαβγ5u(0)〉A
= −iAν
(∫
d4yeiqy〈0|T (b¯(0)σαβγ5u(0), u¯(y)γνγ5b(y))|0〉 − the perturbative term
)
= −iAνχAbu(q2)(gναqβ − gβνqα), (37)
Similar to the case of two-point sum rules, we can write down χV(A) as a dispersion relation
form,
χV(A)(q2) =
∫
∞
0
ds
s− q2 (Im π(s)− Im π
pert(s)),
10
and further adopt the simple model:
Im π(s) = fV(A)δ(s−m2fV(A)) + Im πpert(s)θ(s− sV(A)0 ).
The final values of χV(A) are
χ
V(A)
bu =
fV(A)
m2
fV(A)
− q2 −
3
8π
∫ s0
m2
b
ds
mb
s− q2 [1− 2(
m2b
s
) + (
m2b
s
)2], (38)
where fV=0.28 GeV3, fA=0.67 GeV3, mfV=5.33 GeV, mfA=5.71 GeV, s
V
0=33 GeV
2, and
sA0 =38.2 GeV
2. The detailed calculation is shown in Ref. [10]. Note that the uncertainties
of our sum rule results are well controlled since in the following numerical analysis we find
that the contribution of the induced condensate in Eq. (35) is about 10% to the A1 sum
rule, and that the contribution of Eq. (36) to relevant sum rules is less than 4%. The rest of
the results for di is collected in the Appendix. And d3, d5, d
(1)
6 , d
(2)
6 , and d
(3)
6 are represented
pictorially by Figs. 3(d), 3(e), 3(f), 3(g), and 3(h), respectively.
After equating the hadronic side to the quark side and then performing the double Borel
transform B[f ] on f in both variables p2 and p′2, we derive the relevant form factor QCD
sum rules as follows:
fBm
2
ρ
gρ
(mB +mρ)e
−(m2
B
/M2)e−(m
2
ρ/M
′2)A1(q
2) = B[ΠquarkA1 ], (39)
fBm
2
ρ
gρ
1
mB +mρ
e−(m
2
B
/M2)e−(m
2
ρ/M
′2)A2(q
2) = −B[ΠquarkA2 ], (40)
fBm
2
ρ
gρ
2m2ρe
−(m2
B
/M2)e−(m
2
ρ/M
′2)A(q2) = B[ΠquarkA ], (41)
fBm
2
ρ
gρ
2
mB +mρ
e−(m
2
B
/M2)e−(m
2
ρ/M
′2)V (q2) = B[ΠquarkV ]. (42)
III. RESULTS AND DISCUSSION
A. The determination of Borel windows
In numerical analyses of form factors, people usually assume, according to the empirical
observation [19], that the suitable region of sum rules is at values of Borel masses twice as
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large as that in the corresponding two-point functions [1,20] and thus extract results from
larger Borel mass regions. However, we will provide a detailed analysis to show that such
choice is not always correct.
To obtain reliable Borel windows in which the form factor sum rules may be safely used
in the analysis, we apply the differential operator −M ′4∂ ℓn/∂M ′2 to both sides of Eq. (39)
and then obtain the ρ mass sum rule, which is free of the parameters gρ, fB, and the form
factors (A1, A2, A, or V ). This procedure is usually used in analyzing the mass sum rules in
the two-point Green’s function approach [21,15]. Analogously, we also obtain the ρ meson
mass rules from Eqs. (40), (41), and (42). On the other hand, when applying the differential
operator −M4∂ ℓn/∂M2 to both sides of Eqs. (39-42), we obtain four B meson mass sum
rules. Totally, we obtain eight mass rules (four for the ρ meson and four for the B meson).
In the numerical analysis, we use the the following set of parameters:
mb = 4.7 GeV, mu = md = 0, 〈u¯u〉 = 〈d¯d〉 = −(240 MeV)3, m20 = 0.6− 0.8 GeV2, (43)
where mb is a pole mass. The heavy quark condensate will be dismissed through this paper.
To further improve the validity of the derived QCD sum rules, we have performed the
following replacements:
m20〈q¯q〉 → m20〈q¯q〉L−
2
3b , 〈q¯q〉 → 〈q¯q〉L 4b , (44)
with
L =
ln((M ′2M2)1/2/Λ2)
ln(µ2/Λ2)
,
(45)
Λ=100 MeV, µ=500 MeV, and b = 11−2nf/3 with nf being the number of unfrozen quark
flavors. Note also that region R−1 << Q2 << m2b , where R is the confinement radius, exists
an anomalous dimension 2/b for both of the current operators [22–24], b¯γνγ5q and b¯γνq. In
our numerical analysis of B meson decay form factors, the sum rules are studied at Q2 ∼
√
M ′2M2 ≈ 3.4 GeV2 [see below, Eq.(47)]. Therefore, to obtain physical form factors, which
12
are independent of the subtraction scale, we put the factor [ℓn(m2b/Λ
2)/ℓn((M ′2M2)
1
2/Λ2)]
12
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in the relevant form factor sum rules (the right hand side of Eqs. (39-42)). The requirement
of obtaining reasonable mass results from these eight mass sum rules puts severe constraints
on the choices of the parameters, sB0 and s
ρ
0. With a careful study, we find that the best
choice of parameters in our analysis is
sB0 = 33− 35 GeV2, sρ0 = 1.3− 1.4 GeV2. (46)
Consequently we find that
8.5 GeV2 < M2 < 11.5 GeV2, 0.9 GeV2 < M ′2 < 1.2 GeV2 (47)
are the reasonable choices through this paper. The resultant masses are mρ=0.787±0.065
GeV and mB=5.11±0.18 GeV. The detailed results are collected in Table I. As examples
in Fig. 3(a) and Fig. 3(b), we plot the ρ mass and B mass (extracted from Eq.(39)),
respectively, as a function ofM2 and M ′2. Obviously, the study of both of the ρ and B mass
sum rules is a gauge to understand the reliability of performing further numerical analyses
on the form factors. In concluding this subsection, we will to discuss two “traditional” sum
rule calculations by considering a three-point correlation function in the existing literature:
The first is the work in Ref. [1] in which the authors use the vector current d¯γνu and the
pseudoscalar current b¯γ5d as the interpolating fields for the ρ meson and for the B meson,
respectively. For the form factor A1, they obtain the following sum rule:
A1
fB(mB +mρ)m
2
Bm
2
ρ
mbgρ
e−(m
2
B
/M2)e−(m
2
ρ/M
′2)
=
3
4π2
∫ sB0
0
ds
∫ sρ0
0
ds′e−(s/M
2)e−(s
′/M ′2)
(mbs′ +mu(s−m2b)
2λ1/2
+
mbs
′[(s−m2b)(q2 −m2b) + s′m2b ]
λ3/2
)
−〈q¯q〉
(
mbmu +
m2 − q2
2
)
e−m
2
b
/M2
+〈q¯q〉m20
(−1
6
+
(2m2b + 3mbmu − 2q2)(m2b − q2)
12M2M ′2
−2m
2
b + 3mbmu − 2q2
12M ′2
− 3m
2
b + 9mbmu − 4q2
12M2
+m2b
m2b + 2mbmu − q2
8M4
)
e−m
2
b
/M2
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+
16αsπ〈q¯q〉2mb
9
( 8
9M ′2
− 1
9M2
+
1
(m2b − q2)
+
3m2b − 2q2
72M4
− m
2
b − q2
6M2M ′2
+
m2b(m
2
b − q2)
72M6
+
(m2b − q2)2
36M4M ′2
)
e−m
2
b
/M2 , (48)
where λ is defined as before. From their A1 sum rule, one can extract, following the procedure
shown as above, the ρ meson mass sum rule. The result is illustrated in Fig. 4(a), from
which we see that their result of ρ mass sum rule is not so stable as to determine the suitable
Borel windows. Moreover, one can easily find that once a Borel window is determined, the
resultant ρ mass from their A2 or V sum rule is twice as large as that from the A1 sum rule.
Note that if we adopt the varying external field to do the calculation again, we find that
various induced condensates may enter complicatedly the sum rules for A1, A2, and V and
the contribution from induced condensates becomes a little big. Thus the estimate of the
sum rule is less reliable.
The second calculation is done by Ball and Braun [11]. They use the tensor current
d¯σνσu and the pseudoscalar current b¯γ5d as the interpolating fields for the ρ meson and for
the B meson, respectively. For the form factor A2, they have
A2
fBf
⊥
ρ m
2
B
mb(mB +mρ)
e−(m
2
B
/M2)e−(m
2
ρ/M
′2)
=
3
4π2
∫ sB0
0
ds
∫ sρ0
0
ds′e−(s/M
2)e−(s
′/M ′2)
((s−m2b)u− 2ss′
λ3/2
−(s−m
2
b)(s−m2b + 2s′)u2 − 3s′[(s−m2b)2 + 2(s−m2b)s+ ss′]u
λ5/2
−2ss
′[(s−m2b)2 + 2(s−m2b)s′ + 3ss′]
λ5/2
)
−mbm
2
0〈q¯q〉
6M2M ′2
e−m
2
b
/M2
−16αsπ〈q¯q〉
2
9
( 1
6M ′4
+
1
3M2M ′2
+
m2b
36M4M ′2
− m
2
b − q2
18M2M ′4
)
e−m
2
b
/M2 , (49)
where u and λ are defined as before. Note that, for this A2 sum rules, one obtains the same
result if adopting the varying external field approach. In Fig. 4(b) we show the ρ mass
sum rule extracted from Eq. (49). From Fig. 4(b) we obtain m2ρ ≤ 0. The result seems to
indicate that the tensor current d¯σνσu is not a good interpolating field for the ρ meson as
mentioned in Ref. [25]. In the same reference, the authors have pointed out that the tensor
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current cannot easily produce a stable ρ mass sum rule if the vacuum saturation hypothesis
goes in the opposite direction:
〈q¯γ5λaqq¯γ5λaq〉 = −4
9
(1 + β5)〈q¯q〉2, (50)
with β5 ≈ −2. Moreover, the authors [25] have also shown that the threshold of the excited
states in their ρ meson mass sum rule turns out to be unphysically low, the sum rule is
dominated by the continuum contribution, and the power corrections are rather large.
B. Numerical analysis of form factors
To study numerically the form factors, we adopt the set of parameters as shown in Eqs.
(40), (43), and [10]
fB = 160 MeV, gρ = 3.84. (51)
The working Borel windows, which have been determined previously (Eq. (47)), are 8.5
GeV2 < M2 < 11.5 GeV2 and 0.9 GeV2 < M ′2 < 1.2 GeV2. In these Borel ranges, the form
factors are dominated by the leading perturbative bare loop; for the A1 form factor, the
absolute value of the contribution of 〈gsd¯σGd〉 is less than 50% of the bare loop. Moreover,
the contribution of induced condensate amounts to about 14% to the A1 sum rule, while
less than 4% to A2, A, or V . Note that unlike light-cone sum rules [3,11], we cannot apply
“directly” the heavy quark limit, mb →∞, to these sum rules since in that limit the series
of the operator product expansion (OPE) may become unconvergent. But in the case of the
B or D meson, our results indicate that the series of the OPE is in good convergence. In
Fig. 3(a-d), we plot the A1, A2, A, and V form factors at q
2 = 0, respectively, as a function
of M2 and M ′2. We thus obtain the results on the form factors at q2 = 0:
A1(0)= 0.12± 0.01,
A2(0)= 0.12± 0.01,
A(0)= 0.015± 0.02,
V (0)= 0.15± 0.02, (52)
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where the error comes from the variation in the Borel mass, sB0 , s
ρ
0, or m
2
0. The resultant
values of form factors are half as large as the light-cone sum rule results [3,11] or lattice
QCD calculation [4]. We now consider the q2 dependence of the various form factors. The
variation of the form factors with q2 is of great interest, since it probes the effects of strong
interactions on the decay. As the property of discontinuity in Ref. [1] is mentioned (see also
the discussion below Eq. (24)), the sum rules work well in the region (m2Q − q2)2/q2 > s′0.
Therefore, we could obtain the q2 dependence of the form factors over a wide range of q2
(from q2=0 up about to 9 GeV2). The q2 dependence of our form factors is given by
F (q2) = F (0)(1− q2/m2F )−n, (53)
where n = 1 for A1, n = 2 for A2, A, and V , and the fitted pole masses are mA1=5.45
GeV, mA2=6.14 GeV, mA=5.98 GeV and mV=5.78 GeV, respectively. Here the results
are evaluated at the central values of the Borel mass ranges in Eq.(47). We find that
our q2 dependence of the form factors is well consistent with the pole model ansatz by
Ko¨rner and Schuler [5] and recent lattice results [4] as well. In the following calculation,
we will extrapolate our q2 dependence of form factors to all possible kinematic region. The
pole model ansatz may be a good approximation for the form factor behavior since it is
consistent with this sum rule calculation in the region: 0 GeV2 < q2 < 9 GeV2 and also in
good accordance with the QCD power counting rules [26] at large −q2 (the hard rescattering
region). Moreover, by neglecting the light meson mass, we roughly obtain from Eq. (53) the
relation F (q2m)/F (0) ∼ mnb , where q2m = (mb −mρ)2. Therefore, our results agree with the
prediction of heavy quark symmetry [27] in the kinematic region near zero recoil (q2 ≈ q2m),
a+ + a−∼ m−3/2M , −a+ + a− ∼ m−1/2M ,
g∼ m−1/2M , f ∼ m1/2M . (54)
In Fig. 6(a) we plot the lepton-pair invariant mass spectrum dΓ/dq2 of the B → ρ ℓ ν¯ℓ
decay together with dΓL/dq
2, dΓ+/dq
2, and dΓ−/dq
2. The solid curve is for dΓ/dq2, and the
long-dashed curve is for dΓL/dq
2, the portion of the rate with a longitudinal polarized ρ in
16
the final state, the short-dashed curve is for dΓ−/dq
2, the portion of the rate with a helicity
minus ρ in the final state, while the dotted curve is for dΓ+/dq
2, the portion of the rate with
a helicity positive ρ in the final state. Similarly, in Fig. 6(b) we plot the electron spectrum
dΓ/dEe of the B → ρ ℓ ν¯ℓ together with dΓL/dEe, dΓ+/dEe, and dΓ−/dEe. The solid curve
is for dΓ/dEe, the long-dashed curve for dΓL/dEe, the short-dashed curve for dΓ−/dEe, and
the dotted curve for dΓ+/dEe. Both of the Figs. 6(a) and 6(b) are plotted in the B meson
rest frame.
From Fig. 6 we obtain dΓ/dq2 ≈ dΓL/dq2 and dΓ/dEe ≈ dΓL/dEe at the maximum recoil
region (q2 ≈ 0). This is quite reasonable because at low q2, the electron and antineutrino
are nearly collinear, so that their net spin along their motion is zero. Since the B meson has
spin zero, the energetic recoiling ρ meson must also have zero helicity. The helicity minus
contribution is more weighted towards the large q2 value than the helicity zero contribution
around the small q2 region. Our results also show that dΓ−/dq
2 ≫ dΓ+/dq2 as expected
from the left-chiral bL → uL transition. Our results for the decay rate are given by
Γ(B¯0 → ρ+ℓ−ν¯ℓ)= (5.1± 1.0)× |Vub|2 × 1012s−1,
ΓL/ΓT= 0.85± 0.03, Γ+/Γ− = 0.077± 0.012,
Γ(B¯0 → ρ+τ−ν¯τ )= (3.1± 0.06)× |Vub|2 × 1012s−1. (55)
Since the induced condensate like Eq. (35) does not contribute to the sum rules in Ref.
[10] for B¯0 → π+ℓ−ν¯ℓ, therefore we take Γ(B¯0 → π+e−ν¯e)= (5.4 ± 1.6) × |Vub|2 × 1012s−1
and Γ(B¯0 → π+τ−ν¯τ )= (2.7± 0.07)× |Vub|2 × 1012s−1 from Ref. [10]. We obtain the ratios
Γ(B¯0 → ρ+e−ν¯e)/ Γ(B¯0 → π+e−ν¯e)≈ 0.94 and Γ(B¯0 → ρ+τ−ν¯τ )/ Γ(B¯0 → π+τ−ν¯τ ) ≈ 1.15.
Our result for the ratio Γ(B¯0 → ρ+e−ν¯e)/ Γ(B¯0 → π+e−ν¯e) is a bit smaller than, but still
consistent with the CLEO experimental value [28,29] of 1.4±0.6. However, one should note
that in the CLEO experiment, the reconstruction of the relevant events is model dependent.
For instance, if the ISGW II model is used, the ratio Γ(B¯0 → ρ+e−ν¯e)/ Γ(B¯0 → π+e−ν¯e) is
1.1±0.7.
In closing this subsection, we consider the case of the D meson decays. By following the
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same procedure as the case of B¯0 → ρ+ℓ−ν¯ℓ, and using the parameters as in Ref. [10], we
can obtain the same form factor results and their q2 behaviors as in Ref. [10], except that
AD→ρ1 (0) becomes 0.43± 0.04 and AD→K∗1 (0) becomes 0.61±0.04. The results for the form
factors at q2 = 0 are collected in Table II. The calculated decay rates read
Γ(D0 → ρ−ℓ+νℓ)= 0.44± 0.08|Vcd|2 × 1011s−1,
ΓL/ΓT= 0.58± 0.05, Γ+/Γ− = 0.041± 0.002,
Γ(D+ → K∗0ℓ+νℓ)= 0.51± 0.06|Vcs|2 × 1011s−1,
ΓL/ΓT= 0.99± 0.06, Γ+/Γ− = 0.19± 0.02. (56)
Taking |Vcs|=0.975, we obtain B(D+ → K∗0ℓ+νℓ) =5.1±0.7 %. The experimental results
[30] are B(D0 → K∗−ℓ+νℓ) =4.8±0.4 %, ΓL/ΓT = 1.23 ± 0.13, Γ+/Γ− = 0.16 ± 0.04. Our
results are consistent with the existing experimental data, except that the value of ΓL/ΓT is
a little smaller than the experimental data. Further applications of this approach to various
exclusive decay processes will be published elsewhere [31].
IV. SUMMARY
In summary, we have used the varying external field approach of QCD sum rules to
compute the form factors for the semileptonic decays B¯0 → ρ+ ℓ− ν¯ℓ. We have formulated
this approach in a systematic way. By extracting both of the B meson and ρ meson mass
sum rules, we can thus determine the reliable Borel windows in studying the relevant form
factor sum rules. We also include induced condensate contributions, which have been ignored
before, into the relevant sum rules. Therefore, we demonstrate that some QCD sum rule
calculations in the literature are less reliable. Our results strongly support the pole model
ansatz by Ko¨rner and Schuler on the q2 dependence of the form factors. Combining with
the previous analysis in Ref. [10], we obtain the ratio Γ(B¯0 → ρ+e−ν¯e)/ Γ(B¯0 → π+e−ν¯e)≈
0.94 and Γ(B¯0 → ρ+τ−ν¯τ )/ Γ(B¯0 → π+τ−ν¯τ ) ≈ 1.15.
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APPENDIX A:
The quantities d3, d5, d
(1)
6 , d
(2)
6 , and d
(3)
6 defined in Eq. (25) read
dA13 = −
2mu +md
2p′2(p2 −m2b)
− md
2(p2 −m2b)2
− md(m
2
b − q2)
2p′2(p2 −m2b)2
, (A1)
dA15 =
1
12
[
− 6mdm
2
b
(p2 −m4b)4
− 2md
(p2 −m4b)3
+
4mb − 2mu + 3md
p′2(p2 −m2b)2
− 2mu +md
p′4(p2 −m2b)
−2(md +mu)(m
2
b − q2)
p′4(p2 −m2b)2
− 4(2m
2
b − q2)md + 6mum2b
p′2(p2 −m2b)3
− 2md(m
2
b − q2)2
p′4(p2 −m2b)3
−6mdm
2
b(m
2
b − q2)
p′2(p2 −m2b)4
]
, (A2)
d
(1)A1
6 = +
1
81
[ 3
p′4(p2 −m2b)
+
2
p′2(p2 −m2b)2
− 2
(p2 −m2b)3
−10m
2
b + 28mbmu − 2q2
p′2(p2 −m2b)3
+
6(m2b − q2) + 7mbmu
p′4(p2 −m2b)2
+
6m2b
(p2 −m2b)4
+
2(m2b − q2)(m2b +mbmu − q2)
p′4(p2 −m2b)3
+
6m2b(m
2
b +mbmu − q2)
p′2(p2 −m2b)4
]
, (A3)
d
(2)A1
6 =
2
9
[ 1
p4(p2 −m2b)
+
1
p′4p2
+
2mum
2
b +m
2
b − q2
p4(p2 −m2b)p′2
− 4mum
2
b
p2(p2 −m2b)2p′2
]
, (A4)
d
(3)A1
6 = −
4
9
1
p′4(p2 −m2b)
, (A5)
dA23 =
md
2p′2(p2 −m2b)2
, (A6)
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dA25 = −
mu
6p′4(p2 −m2b)2
− md
6p′2(p2 −m2b)3
, (A7)
d
(1)A2
6 = −
1
27
[ 2
p′2(p2 −m2b)3
+
1
p′4(p2 −m2b)2
]
, (A8)
d
(2)A2
6 = −
2
9m4b
[ 1
p′2(p2 −m2b)
− 1
p′2p2
− m
2
b
p′2p4
]
, (A9)
d
(3)A2
6 = 0, (A10)
dA3 = −
md
2p′2(p2 −m2b)2
, (A11)
dA5 =
mu
6p′4(p2 −m2b)2
− md
2p′2(p2 −m2b)3
, (A12)
d
(1)A
6 = −
1
81
[ 2
p′2(p2 −m2b)3
− 3
p′4(p2 −m2b)2
]
, (A13)
d
(2)A
6 =
2
9m4b
[ 1
p′2(p2 −m2b)
− 1
p′2p2
− m
2
b
p′2p4
]
, (A14)
d
(3)A
6 = 0, (A15)
dV3 = −
md
p′2(p2 −m2b)2
, (A16)
dV5 =
mu
3p′4(p2 −m2b)2
− md
3p′2(p2 −m2b)3
− mdm
2
b
2p′2(p2 −m2b)4
− md(m
2
b − q2)
6p′4(p2 −m2b)3
, (A17)
d
(1)V
6 =
1
81
[ 4
p′2(p2 −m2b)3
− 1
p′4(p2 −m2b)2
− 6m
2
b
p′2(p2 −m2b)4
− 2(m
2
b − q2)
p′4(p2 −m2b)3
]
, (A18)
d
(2)V
6 =
4
9m4b
[ 1
p′2(p2 −m2b)
− 1
p′2p2
− m
2
b
p′2p4
]
, (A19)
d
(3)V
6 = 0. (A20)
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TABLES
TABLE I. Estimates of the ρ and B meson masses from Eqs.(39-42).
mρ (GeV) mB (GeV)
Eq. (39) 0.722∼ 0.806 5.15 ∼ 5.28
Eq. (40) 0.820∼ 0.844 4.99 ∼ 5.02
Eq. (41) 0.830∼ 0.852 4.92 ∼ 4.95
Eq. (42) 0.764∼ 0.803 4.98 ∼ 5.01
Average 0.787±0.064 5.10±0.19
TABLE II. Estimates of various weak semileptonic form factors for D → ρ,K∗.
A1(0) A2(0) A(0) V (0)
D0 → ρ− 0.43±0.04 0.57±0.08 0.30±0.07 0.98±0.11
D0 → K∗− 0.61±0.04 0.67±0.08 0.22±0.03 1.10±0.10
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Figure Captions
Fig. 1. Diagrams for the propagator of Eq. (4). The heavy quark propagator is represented
by the heavy line.
Fig. 2. Diagrams for the correlation function of Eq. (20). The heavy quark propagator is
represented by the heavy line.
Fig. 3. The ρ mass and B mass, extracted from Eq. (39), plotted as a function of the square
of the Borel masses M2 and M ′2.
Fig. 4. The ρ mass as a function of the square of the Borel masses M2 and M ′2. In Fig.
4(a) the ρ mass is extracted from Eq. (48), the A1 sum rule of [1]. In Fig. 4(b) the ρ mass
is extracted from Eq. (49), the A2 sum rule of [11].
Fig. 5. The A1(0), A2(0), A(0), and V (0) form factors plotted as a function of the square
of the Borel masses M2 and M ′2.
Fig. 6. (a) The lepton-pair invariant mass spectra dΓ/dq2 plotted as a function of q2. The
solid curve is dΓ/dq2. The long-dashed curve stands for dΓL/dq
2, the portion of the rate with
a longitudinal polarized ρ in the final state. The short-dashed curve stands for dΓ−/dq
2, the
portion of the rate with a helicity minus ρ in the final state, while the dotted curve is for
dΓ+/dq
2, the portion of the rate with a helicity positive ρ in the final state. (b) The electron
spectra dΓ/dEe of the B¯ → ρ+ ℓ− ν¯ℓ together with dΓL/dEe, dΓ+/dEe, and dΓ−/dEe. The
solid curve, the long-dashed curve, the short-dashed curve, and the dotted curve are for
dΓ/dEe, dΓL/dEe, dΓ−/dEe, and dΓ+/dEe, respectively.
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